Let S be a finite set of n points in the plane in general position. We prove that every inclusion-maximal family of subsets of S separable by convex pseudo-circles has the same cardinal
. This number does not depend on the configuration of S and is the same as the number of subsets of S separable by true circles. Buzaglo, Holzman, and Pinchasi already showed that it is an upper bound for the number of subsets separable by (non necessarily convex) pseudo-circles.
In fact, we first count the number of elements in a maximal family of k-subsets of S separable by convex pseudo-circles, for a given k. From a well known result of Lee, when the set S has no four cocircular points, it admits 2kn − n − k 2 + 1 − k−1 i=1 a (i) (S) k-point subsets separable by true circles, where a (i) (S) is the number of i-sets of S. Here we show that this result still holds for convex pseudo-circles. In particular, this means that the number of k-subsets of S separable by a maximal family of convex pseudo-circles is an invariant of S: It does not depend on the choice of the maximal family.
To prove this result, we introduce a graph that generalizes the dual graph of the order-k Voronoi diagram, and whose vertices are the k-subsets of S separable by a maximal family of convex pseudo-circles. In order to count the number of vertices of this graph, we first show that it admits a planar realization which is a triangulation. It turns out (but is not detailed in the present paper) that these triangulations are the centroid triangulations defined by Liu and Snoeyink.
INTRODUCTION
Given a set S of n points in the plane in general position, a classical problem in combinatorial and computational geometry consists in searching and counting subsets of S that can be separated from the remaining points by different types of lines.
The case of straight lines has been extensively studied. For a fixed k ∈ {0, . . . , n}, the exact number a k (S) of k-sets, i.e. subsets of k points separable by straight lines, is not completely understood. Nowadays, the best upper bound for the maximum of a k (S) over all configurations of the n points is O(nk 1/3 ), due to Dey [6] . In [16] , Tóth constructs examples with n2
. It is noticeable that the sum over all k of the numbers of k-sets of S, i.e. the total number of subsets of S separable by straight lines, does not depend on the position of the points but only on n: We have n k=0 a k (S) = n(n − 1) + 2. It seems to be known by specialists, although nowhere explicitly stated up to our knowledge, that the total number of subsets separable by circles does not depend on the position of the points, too. This number turns out to be the cake number c(3, n) = n 0
, i.e. the maximal number of cells in an arrangement of n planes in 3-dimensional space [15] .
A natural generalization is to count the number of subsets of S separable by pseudo-circles. A family F of subsets of S is said to be separable by pseudo-circles if there exists a family C of Jordan curves, pairwise intersecting at most twice, such that each element of F is separable by an element of C. Intuitively, one could believe that families of pseudo-circles provide a greater number of separable subsets than circles. In fact, using the theory of VC-dimension of Vapnik and Chervonenkis [17, 12, 14] , Buzaglo, Holzman, and Pinchasi prove in [4] that c(3, n) is an upper bound for pseudo-circles. Surprisingly, it is far from evident whether c(3, n) is also a lower bound for any inclusion-maximal family of subsets of S separable by pseudo-circles. Up to our knowledge, the question remains open. In this article, we prove this for convex pseudo-circles. Theorem 1. Let S be a set of n points in the plane in general position. Every inclusion-maximal family F of subsets of S separable by convex pseudo-circles has c(3, n) = n 0
elements.
In fact, we first consider families of k-subsets separable by convex pseudo-circles. For each fixed k ∈ {1, . . . , n − 1}, Lee proved in [9] that any n-point set S of the plane in general position admits 2kn − n − k 2 + 1 − k−1 i=1 ai(S) k-subsets separable by true circles (with the convention 0 1 = 0). We prove that this number also holds for all maximal families of k-subsets separable by convex pseudo-circles.
Theorem 2. Let S be a set of n points in the plane in general position and k ∈ {1, . . . , n − 1}. Every inclusionmaximal family of k-subsets of S separable by convex pseudocircles admits 2kn − n − k
ai(S) elements. To prove these results, we first characterize convex pseudocircle separability in terms of convex hulls (Section 2). We show that a family F of subsets of S is separable by convex pseudo-circles if conv(T ) ∩ S = T for all T ∈ F , and
We also characterize in a similar way families of pairs (P, Q) of subsets of S determined by convex pseudo-circles passing through the points of Q, containing P , and excluding S \ (P ∪ Q).
We then follow the lines of [9] (Sections 3 and 4). To obtain his result, Lee counts the number of regions of the order-k Voronoi diagram. To prove our result, we introduce a graph that generalizes the dual of the order-k Voronoi diagram. The set of vertices of this graph is a maximal set of k-subsets of S separable by a family C k of convex pseudocircles. The set of edges of the graph is a maximal set of pairs of the form (P, {s, t}), with |P | = k − 1, determined by a family of convex pseudo-circles compatible with C k . The edge (P, {s, t}) connects the two vertices P ∪ {s} and P ∪{t}. The key result of the article, Theorem 4, is that this graph admits a planar geometric realization which induces a triangulation. Proposition 5 already shows that the edges of this realization are disjoint. The main difficulty is to show that every edge is incident to a triangle, see Theorem 3. The long and tricky proof of this result takes half the size of the full version of the present article [5] , so it will be only outlined here. Some other significant proofs are given in this extended abstract.
Let us mention some related works in the literature. In [4] , Buzaglo, Holzman, and Pinchasi consider a family of subsets of S separable by Jordan curves pairwisely intersecting properly, at most s times, and such that pairwise intersections of the Jordan disks are empty or connected. They prove that such a family has VC-dimension at most s + 1, and hence contains at most s+1 i=0 n i elements. Our result is that this upper bound is attained for any maximal family, in the case of convex curves and for s = 2. It would be interesting to know to what extent this remains valid in general. The authors of [4] also consider k-subsets separable by pseudo-circles that all pairwise intersect and they show that their number is O(kn).
In [11] , Pinchasi and Rote consider a slightly different and more restrictive notion of convex pseudo-circles: A family F of subsets of S is separable by convex pseudo-circles in their sense, if every set T in F is the intersection of S with a convex set, and if both conv(T ) \ conv(T ′ ) and conv(T ′ ) \ conv(T ) are empty or connected for all T, T ′ ∈ F . They prove that, if no member of F is contained in another, then F consists of at most 4 n 2 + 1 elements. They also present an example with n+1 2 elements.
In [9] , Lee provides an algorithm to construct the order-k Voronoi diagram. This algorithm can be dualized for orderk centroid Delaunay triangulations [13] . Liu and Snoeyink propose in [10] to generalize this dual algorithm, giving rise to other order-k centroid triangulations when their algorithm does not fail. They conjecture that their algorithm actually never fails and they prove this for k ≤ 3. A proof for all k, but for particular centroid triangulations, is given in [8] . It turns out that the triangulations defined in the present article are precisely the ones constructed by the algorithm of Liu and Snoeyink. As a consequence, this article serves as the basis for the proof that their algorithm never fails. This will be done in an article in preparation.
CHARACTERIZATION OF CONVEX PSEUDO-CIRCLE SEPARABILITY
For a subset E of the plane R 2 , conv(E) denotes its convex hull, ∂E its boundary, relint(E) its relative interior, and E its closure. Given an oriented straight line ∆ in the plane, ∆ + (resp. ∆ − ) denotes the open half plane on the left (resp. right) of ∆.
For a Jordan curve γ of R 2 , disk(γ) denotes the bounded open component of R 2 \ γ. In the whole article, S denotes a finite set of n points of the plane, no three of them being collinear.
Convex subsets
The aim of this subsection is to show that subsets of S separable by convex pseudo-circles can be characterized using convex hulls only. This will avoid manipulating curves in the remainder of the article. Definition 1. We say that a subset T of S is separable by a convex pseudo-circle if there exists a convex Jordan curve γ that avoids S such that S ∩ disk(γ) = T .
Such a subset T is also called convex in S and γ is called a separating curve of T . Proposition 1. A subset T is convex in S if and only if conv(T ) ∩ S = T . Definition 2. Two convex Jordan curves are said to be compatible if they either intersect properly at exactly two points, meet at exactly one point, or do not meet at all.
Two convex subsets of S that admit two compatible separating curves are said to be compatible.
We say that a family F of subsets of S is separable by convex pseudo-circles if there exists a set C of pairwise compatible convex Jordan curves such that each element of F admits a separating curve in C.
It is worth noting here that the concept of family of subsets separable by convex pseudo-circles is a "global" concept. Indeed, in order to determine whether a family F is separable by convex pseudo-circles, one needs to find a separating curve for each element in F , and all these curves must be compatible with each others. The next proposition is interesting because it shows that it suffices in fact to consider all pairs of elements in F independently and to find two compatible separating curves for each such pair. The proposition also shows that compatibility can be expressed in terms of intersection of convex hulls. Proof. (a) Consider first a family F of convex subsets of S, compatible or not. It is easy to construct a set of polygonal convex separating curves for the elements in F such that the vertices of these curves are distinct and are not in S, no three of them are collinear, and no three curves intersect at a same point. Thus, any two of these curves either are disjoint or intersect properly in a finite set of points. Let C be such a set of separating curves, that minimizes the total number of intersections between its curves. Let A be the set of connected components a of disk(γ) \ disk(γ ′ ) such that a ∩ S = ∅, for all ordered pairs (γ, γ ′ ) of intersecting curves of C. We show by contradiction that A is empty.
If A is nonempty, A contains a component a with minimal area. Let γ and γ ′ be the two curves in C such that a is a connected component of disk(γ) \ disk(γ ′ ) and let T = disk(γ) ∩ S. Let u and v be the two points of a ∩ γ ∩ γ ′ such that a ⊂ (uv)
− , see Figure 1 . There exists on γ ∩ disk(γ ′ ) a point x close to u and a point y close to v such that a ⊂ (xy) − , and that γ ∩ (xu) − and γ ∩ (vy) − are not cut by any curve of C \ {γ}. For all curves of C \ {γ,
∪l is a convex polygonal curve that intersects the curves of C \ {γ} properly and is such that disk(γ l ) ∩ S = T . Let γ ′′ be a curve of C\{γ, γ ′ } that intersects l at a point p.
′′ , the edge of γ ′′ that contains p and cuts b intersects again ∂b at a point q = p. Since γ ′′ does not intersect ∂b ∩ γ, q ∈ γ ′ ∩ ∂a. Then, the curve γ ′′ intersects again ∂a at a point r = q such that the arc of γ ′′ that connects q and r and does not contain p is contained in a. The point r cannot belong to γ ′ , since otherwise one of the connected components of disk(γ ′′ )\disk(γ ′ ) would be strictly contained in a, in contradiction with the minimality of the area of a. Thus, r is on l ′ and, since all intersections are proper, the number of intersections of γ ′′ with γ l is at most equal to the number of intersections of γ ′′ with γ. Furthermore, since u and v are points of γ ∩γ ′ and not of γ l ∩γ ′ , substituting γ by γ l in C decreases by at least two the number of intersections between the curves. This contradicts the minimality of the number of intersections in C and therefore the assumption A = ∅ is absurd.
(b) Now we prove (i). Let T and T ′ be two convex subsets of S and let γ and γ ′ be two separating curves of T and T ′ that either are disjoint or intersect properly in a minimum set of points. Two such curves exist from (a).
′ intersect in two points, let ∆ be the oriented straight line that contains γ∩γ Figure 2 . If γ and γ ′ intersect in more than two points, the union
) admits at least four connected components, see Figure 3 . Let a1, . . . , a4 be four of these components, consecutive around γ, and such that a1, a3 Figure 3 : A case where T and T ′ are not compatible.
and only if T and T
′ are compatible. (c) At last, we prove (ii). Let F be a family of subsets of S separable by a set C of convex pseudo-circles. Since the curves in C are convex and pairwise compatible, the subsets in F are also convex and pairwise compatible.
The converse is by contrapositive. Let F be a set of convex subsets of S and let C be a set of separating curves of F such that the intersections of the curves in C are proper and their number is minimal. If two curves γ and γ ′ of C intersect more than twice then, as in proof of (b), the subsets T and T ′ in F separable by γ and γ ′ are incompatible. It follows that, if the subsets in F are pairwise compatible, F is separable by convex pseudo-circles.
In the remainder of the paper, F denotes a maximal (with respect to inclusion) family of subsets of S separable by convex pseudo-circles, i.e., from the previous proposition, a maximal family of compatible convex subsets of S. Note that ∅ and S are always in F .
Convex pairs
It is often more convenient to handle separating lines that pass through points of S rather than strictly separating lines. For example, it is very easy to enumerate the total number of subsets of S separable by straight lines that pass through two points of S. In the same way, to compute the number of subsets strictly separable by circles, Lee [9] established relations between this number and the numbers of subsets separable by circles passing through two or three points.
Even if convex pseudo-circles have a greater degree of freedom (a single convex pseudo-circle is an arbitrary convex curve), we will see in this section that only those passing through at most three points of S are compatible with a maximal family of strictly separating convex pseudo-circles. In Section 3, convex pseudo-circles passing through points of S will be necessary to characterize the edges of a graph whose vertices are subsets of S strictly separable by convex pseudo-circles. Therefore, we now study pairs (P, Q) of subsets of S for which there exist convex Jordan curves γ such that γ ∩ S = Q and disk(γ) ∩ S = P . Again, we prefer to characterize these pairs with convex hulls instead of curves.
Definition 3. An ordered pair (P, Q) of disjoint subsets of S is called a convex pair if conv(P ∪ Q) ∩ S = P ∪ Q and if Q is a subset of the extreme points of P ∪ Q.
The proof that both definitions are equivalent is straightforward. Actually, one does not need to explicitly use the characterization of convex pairs with curves to prove the results in this paper, but it helps intuition about them.
In the same way, it can be shown that two convex pairs that are determined by compatible convex Jordan curves can be characterized in the following way; see also Figure 4 . Figure 4 : If the convex pairs (P, Q) and (P ′ , Q ′ ) are determined by two properly intersecting convex pseudo-circles γ and γ ′ , then (P ∪ Q) \ P ′ and (P ′ ∪ Q ′ ) \ P are on both sides of (or on) the straight line ∆ containing γ ∩ γ ′ . The points of these subsets that are on ∆ are the points of
Definition 4. Two convex pairs (P, Q) and (P
The use of relative interiors is necessary if one wants to prove that Definition 4 is equivalent to saying that (P, Q) Conversely, the following lemma shows that one can drop the relative interiors when Q∩Q ′ = ∅. Coupled with Lemma 3, this simplifies most proofs of the forthcoming results.
This lemma also shows that Definition 4 is consistent with Proposition 2 (i). Indeed, from Proposition 1, (T, ∅) is a convex pair of S if and only if T is a convex subset of S. From Lemma 1, two convex pairs (T, ∅) and (T ′ , ∅) are compatible if and only if the convex subsets T and T ′ are compatible. Notice also that a convex pair (P, Q) is compatible with itself if and only if Q = ∅.
We now state inclusion relations between convex pairs.
is compatible with (P, Q).
Definition 5. We call subset of a convex pair (P, Q) any set T such that P ⊆ T ⊆ P ∪ Q.
It follows from the previous lemma that a subset of a convex pair is a convex subset. The next lemma shows that compatibility between convex pairs reduces to compatibility between convex subsets. Lemma 3. Two distinct convex pairs (P, Q) and (P ′ , Q ′ ) are compatible if and only if the subsets of (P, Q) are compatible with the subsets of (P ′ , Q ′ ).
If a subset T of (P, Q) is incompatible with a subset T ′ of (P ′ , Q ′ ), the pairs (T, ∅) and (T ′ , ∅) are also incompatible from Lemma 1 and, therefore, relint(conv
Thus, the relative interiors of conv(T \ T ′ ) and of conv(T ′ \ T ) can only intersect if they are contained in the common boundary of the two convexes conv((P ∪ Q) \ P ′ ) and conv((P ′ ∪ Q ′ ) \ P ). Since S has no three collinear points, conv(T \T ′ ) and conv(T ′ \T ) are then a common vertex or a common edge of these two convexes. Hence, T \ T ′ = T ′ \ T , i.e., T = T ′ , in contradiction with the hypothesis relint(conv(T \T ′ ))∩relint(conv(T ′ \T )) = ∅.
(b) The proof of the converse is by contrapositive. If the pairs (P, Q) and (P ′ , Q ′ ) are incompatible, then the relative interiors of the convexes conv((P ∪ Q) \ P ′ ) and conv((P ′ ∪ Q ′ ) \ P ) intersect. Thus, there exist two families (λu) u∈(P ∪Q)\P ′ and (µv) v∈(P ′ ∪Q ′ )\P of numbers ∈]0, 1] with sum 1 such that
Now, we split W in three subsets:
The terms of the relation associated with elements of W0 are eliminated and we get
Clearly, from the first equality to the third one, the sum of the coefficients in the left member remains equal to the sum of the coefficients in the right member. By construction, these coefficients are all positive. Furthermore, (P,
e., Q = Q ′ . Hence, the last equality can be divided by the sum of the coefficients of one of its members, and we get a point of the intersection of conv(
Since P ⊆ A ⊆ P ∪ Q and P ′ ⊆ B ⊆ P ′ ∪ Q ′ , A and B are respective subsets of (P, Q) and of (P ′ , Q ′ ). Now,
Consequently, the two subsets A and B are incompatible.
In the remainder, we will be particularly interested in convex pairs that are compatible with the maximal family F of compatible convex subsets. We will say that a convex pair (P, Q) is compatible with F if (P, Q) is compatible with all pairs (T, ∅) such that T ∈ F . Since F is maximal, (P, ∅) compatible with F is equivalent to P ∈ F. More generally, we have: (ii) Two distinct convex pairs of S that are compatible with F are compatible with one another.
(iii) If (P, Q) is compatible with F then |Q| ≤ 3.
CENTROID TRIANGULATIONS
Given an integer k ∈ {1, . . . , n − 1}, the k-subsets of S separable by circles can be enumerated by studying the adjacency relations between regions, edges, and vertices of the order-k Voronoi diagram of S [9] . Recall that this diagram is a partition of the plane, each region of which is associated with a k-subset T of S separable by a circle. More precisely, the order-k Voronoi region of T is the set of centers of all circles that separate T from S (see Figure 6 ). The edges of the order-k Voronoi diagram are the sets of centers of the circles passing through two points of S and that separate k − 1 points. When S has no four cocircular points, the vertices of the diagram are the centers of the circles passing through three points of S and that separate either k − 1 or k − 2 points of S.
The order-k Voronoi diagram of S admits a dual graph whose vertices are the centroids of the k-subsets of S separable by circles [3, 13] . When S has no four cocircular points, this dual graph is a triangulation called the order-k (centroid) Delaunay triangulation of S.
In this section, we construct analogous centroid triangulations from families of k-subsets of S separable by convex pseudo-circles. For every integer k in {1, . . . , n − 1}, let F k be the set of elements of size k in a maximal family F of subsets of S separable by convex pseudo-circles. We will prove later that F k is maximal among all the k-subsets of S separable by convex pseudo-circles.
We want to build a triangulation of the centroids of the elements of F k . In order to characterize the edges and triangles of this triangulation, we focus on the convex pairs compatible with F that admit subsets in F k . For every such pair (P, Q), one has |P | ≤ k ≤ |P ∪ Q| and, from Proposition 3, |Q| ≤ 3. Furthermore, if |P | = k, (P, Q) has P as unique k-subset, and if |P ∪ Q| = k, (P, Q) has P ∪ Q as unique k-subset. Among the pairs (P, Q) such that |P | = k or |P ∪Q| = k, we restrict ourselves to those for which Q = ∅. This explains the following definition of convex k-pairs.
Definition 6. (i) A convex pair (P, Q) of S is called a convex k-pair if
• either |P | = k and Q = ∅,
• or |P | < k < |P ∪ Q| and 2 ≤ |Q| ≤ 3.
(ii) For a convex k-pair (P, Q), the convex hull of the set of centroids of all k-subsets of (P, Q), is called the k-set polygon of (P, Q), denoted by Q k (P, Q).
Notice that, in the case P = ∅, the k-set polygon of (P, Q) is nothing but the k-set polygon of Q, defined for point sets by Edelsbrunner, Valtr, and Welzl [7] (see also later in this section). Observation 1. Let us describe all types of convex k-pairs (P, Q) and their k-set polygons.
• When Q = ∅, Q k (P, Q) is the centroid g(P ) of the convex k-subset P .
• When Q = {s, t}, one has |P | = k − 1, and Q k (P, Q) is the segment [g(P ∪ {s}), g(P ∪ {t})]. From Lemma 2, P ∪ {s} and P ∪ {t} are convex k-subsets compatible with (P, Q).
• When Q = {r, s, t} and |P | = k − 1, Q k (P, Q) is the triangle with vertices the centroids of the convex ksubsets P ∪{r}, P ∪{s}, P ∪{t}; such a triangle is said of type 1. From Lemma 2, the edges [g(P ∪ {r}),
of this triangle are the k-set polygons of the convex kpairs (P, {r, s}), (P, {s, t}), (P, {t, r}), and these pairs are compatible with (P, Q); see Figure 7 .
• When Q = {r, s, t} and |P | = k − 2, Q k (P, Q) is the triangle with vertices the centroids of the convex ksubsets P ∪ {r, s}, P ∪ {s, t}, P ∪ {t, r}; such a triangle is said of type 2. Its edges are the k-set polygons of the convex k-pairs (P ∪ {s}, {r, t}), (P ∪ {t}, {s, r}), and (P ∪ {r}, {s, t}), which are compatible with (P, Q); see Figure 8 . Proposition 5. If (P, Q) and (P ′ , Q ′ ) are two distinct compatible convex k-pairs, then
Proof. Since, by definition, relint(conv((P ∪ Q) \ P ′ )) and relint(conv((P ′ ∪ Q ′ ) \ P )) do not intersect, there exists an oriented straight line ∆ such that (P ∪ Q) \ P ′ ⊂ ∆ + , (P ′ ∪ Q ′ ) \ P ⊂ ∆ − and, within a permutation of (P, Q) and
is a vertex of Q k (P, Q) that belongs to a straight line ∆ ′ parallel to ∆, oriented in the same direction as ∆, and such that Q k (P, Q) ⊂ ∆ ′+ . For every k-subset T ′ = T of (P ′ , Q ′ ), the sets A = T \T ′ and B = T ′ \T are nonempty and are respectively contained in (P ∪ Q) \ P ′ and in (P
The two propositions above show that every set of k-set polygons of convex k-pairs compatible with F forms a simplicial complex. We show now that, if this set is maximal, it forms a triangulation. For this, we first show that the convex hull of the centroids of the elements in F k is the k-set polygon of S.
Recall that the k-set polygon of S, denoted by Q k (S), is the convex hull of the centroids of all k-point subsets of S [7] . Note that Q1(S) is simply the convex hull of S.
The characterizations of the vertices and of the edges of Q k (S) stated in Proposition 6 are due to Andrzejak and Fukuda [1] , and to Andrzejak and Welzl [2] . Recall for this that a k-set of S is a subset of k points of S strictly separable from the others by a straight line.
(ii) The centroid g(T ) is the predecessor of the centroid g(T ′ ) in counterclockwise order on ∂Q k (S) if and only if there exist s, t ∈ S such that, setting P = (st) − ∩ S, one has |P | = k − 1, T = P ∪ {s}, and T ′ = P ∪ {t}.
The next proposition shows that the vertices and edges of Q k (S) are k-set polygons of convex k-subsets and k-pairs of S, that are compatible with every maximal family F separable by convex pseudo-circles.
(ii) For every pair (s, t) of points of S which is such that |(st) − ∩ S| = k − 1, the pair ((st) − ∩ S, {s, t}) is a convex k-pair of S compatible with F .
To show that the k-set polygons of the convex k-pairs which are compatible with F cover Q k (S), we need to show the following: For every edge [g(P ∪ {s}), g(P ∪ {t})] of the simplicial complex determined by Propositions 4 and 5, if (g(P ∪ {s})g(P ∪ {t})) + ∩ Q k (S) = ∅ then there exists a triangle of the simplicial complex in (g(P ∪ {s})g(P ∪ {t})) + admitting [g(P ∪ {s}), g(P ∪ {t})] as an edge. This comes down to showing the following key result.
Theorem 3. For every convex pair (P, {s, t}) of S compatible with F such that (st) + ∩ S = P , there exists a point r ∈ (P ∩ (st) − ) ∪ ((S \ P ) ∩ (st) + ) such that (P \ {r}, {r, s, t}) is a convex pair of S compatible with F . Remark 1. In case one only deals with separating curves that are (true) circles, the proof of Theorem 3 is very easy. Indeed, in this case (P, {s, t}) admits a separating circle γ which passes through s, t and encloses exactly P . The circle γ can be continuously deformed (remaining in the family of circles passing through s, t) until it meets a third point r of S. If (st) + ∩ S = P and if we perform the deformation only towards (st) + , we find exactly one point r (assuming no four cocircular points in S): r is either a point of S \ P in (st)
+ or a point of P in (st) − . Then, the new circle γ ′ encloses exactly P \ {r} and the pair (P \ {r}, {r, s, t}) is convex. Furthermore, (P \ {r}, {r, s, t}) is compatible with all convex pairs that admit circles as separating curves, since circles are always compatible. In the general case, finding a convex pair (P \{r}, {r, s, t}) is even easier; usually there are several such pairs. The difficulty is to prove that there exists at least one that is compatible with all elements of F . In particular, an analogous method by deformation is unclear for pseudo-circles. Actually, if one tries to deform a pseudo-circle belonging to a given family of pseudo-circles, it is far from evident to keep the compatibility with the family. It can happen that, while deforming one curve, some others have to be modified at the same time; see Example 1. Furthermore, it can be deduced from Propositions 3 and 5 that there is at most one such pair (P \ {r}, {r, s, t}) compatible with F , when F is maximal. Example 1. For every point qi, i ∈ {1, 2, 3} of Figure 9 , γ can be deformed into a convex curve γi passing through {qi, s, t} and enclosing exactly {p1, p2}. Now, the curve γ1 will be incompatible with Γ1 and the curve γ3 will be incompatible with Γ3. However these incompatibilities are not of the same nature: It is possible to reduce Γ3 in order to ensure its compatibility with γ3, while this is impossible for Γ1 and γ1. Indeed, since the segments [t, q2] and [p1, q1] cross, any curve enclosing t and q2 will be incompatible with any curve through q1 and enclosing p1. In the same way, γ can be deformed into a convex curve passing through {p1, s, t} and enclosing p2, or to a convex curve passing through {p2, s, t} and enclosing p1, but the curve passing through p2 will be incompatible with Γ2.
Strategy of proof of Theorem 3. This proof is the core of the article. As mentioned in the introduction, it takes about twenty pages. It is split in some twenty intermediate Figure 9 : Obstacles for the deformation of a convex pseudo-circle.
results, almost all of equal importance. For this reason, it does not make sense to present even a sketch of proof here. We only give the global strategy and one major idea. The proof is based on elementary geometry techniques and is not similar to any existing method.
The proof proceeds by contradiction. We assume that counterexamples exist, among them we choose one, denoted by (S, F ), with |S| minimal, and we show that F admits two incompatible elements.
The fact that (S, F ) is a counterexample means that there exists a convex pair (P, {s, t}) compatible with F such that (st) + ∩ S = P and every point r in
+ is locked in the following sense: the pair (P \ {r}, {r, s, t}) is either nonconvex in S or it is convex but incompatible with some Q ∈ F . In the latter case, we say that Q locks r.
The minimality of |S| implies that, for all x ∈ S \ {s, t}, if V = {x}, then there exists r ∈ V \ {x} which is unlocked by x in the following sense: the pair (P \ {r, x}, {r, s, t}) is convex in S \ {x} and compatible with the family Fx = Q \ {x} ; Q ∈ F . A point x can unlock a point r in two different ways. The first way is by convexity, if the pair (P \ {r}, {r, s, t}) is nonconvex in S, and (P \ {r, x}, {r, s, t}) is convex in S \ {x} and compatible with Fx. The second way is by compatibility, when (P \ {r}, {r, s, t}) is convex in S but incompatible with some Q ∈ F , and (P \ {r, x}, {r, s, t}) is (still convex in S \ {x} and) compatible with Fx.
The main idea of the proof is to show that, restricted to the set of unlockable points, the unlocking relation is a bijection. The geometric description of the orbits of this bijection enables to find two points r, r ′ in a same orbit that are locked (by compatibility) by two incompatible subsets Q, Q ′ ∈ F. Hence the contradiction.
If e is a line segment that is the k-set polygon of a convex k-pair of S compatible with F and if Q k (S) is not reduced to e, then
• either e is an edge common to two triangles that are the k-set polygons of two convex k-pairs of S compatible with F , and these two triangles are on both sides of e,
• or e is an edge of Q k (S) and of one triangle that is the k-set polygon of a convex k-pair of S compatible with F .
All the results of this section lead to the next theorem.
Theorem 4. For every maximal family F of subsets of S separable by convex pseudo-circles, the k-set polygons of the convex k-pairs of S compatible with F form the set of vertices, edges, and triangles of a triangulation of Q k (S).
This triangulation is called the order-k centroid triangulation of S associated with F ; see Figure 10 . 
ENUMERATION
The aim of this section is to count the number of elements of a maximal family F of subsets of S separable by convex pseudo-circles. For all k ∈ {1, . . . , n − 1}, let T k be the order-k centroid triangulation of S associated with F . From Theorem 4, the number |F k | of elements in F of size k equals the number of vertices of T k .
Remark 2. Note that T1 is just a triangulation of S. Indeed, it is easy to check that every singleton of S belongs to F .
From Remark 2, |F1| = n. Let now k ∈ {2, . . . , n − 1}. To find the number of vertices of T k , we have at our disposal the two usual enumeration formulas that give the number of vertices in terms of the number of edges and of triangles in a triangulation. In order to find a third formula for these numbers, we study relationships between the triangulations T k and T k−1 .
Lemma 4. (i) For every convex pair (P, Q) of S compatible with F such that |Q| = 3 and |P | = k − 2, Q k (P, Q) is a triangle of type 2 of T k and Q k−1 (P, Q) is a triangle of type 1 of T k−1 .
(ii) The number of triangles of type 2 of T k is equal to the number of triangles of type 1 of T k−1 .
For a k-subset T of S, if the union of the edges and triangles of T k−1 of the form Q k−1 (P, Q) with P ∪ Q = T is nonempty, then this union is called the domain of T in T k−1 . (ii) All triangles of T1 are of type 1 and all edges of T1 belong to distinct domains. Hence, the domains of T1 are the edges of T1. (ii) The number of domains in T k−1 is equal to the number of vertices of T k .
The next property on the shape of the domains will allow, together with Remark 3 (i) and Lemmas 5 (ii) and 4 (ii), to establish an enumeration formula for the vertices, edges, and triangles of centroid triangulations of consecutive orders. (ii) The domains are convex.
Proof. (i) Let T be a convex k-subset of F . From Remark 3, the vertices of the domain of T in T k−1 are the endpoints of the edges of T k−1 of the form Q k−1 (T \{s, t}, {s, t}), where s and t are two extreme points of T . Thus, every vertex of the domain of T is of the form g(T \ {s}), where s is an extreme point of T . By a homothety with center g(T ), g(T \ {s}) is an extreme point of the set of vertices of the domain of T .
(ii) If the domain of T contains only two vertices, it is reduced to a line segment and is convex. Now we show that, if the domain of T in T k−1 contains at least three vertices, then every point in the convex hull of these vertices belongs to the domain of T .
(ii.1) Every point x in this convex hull belongs to a triangle whose three vertices are vertices of the domain of T . From the proof of (i), these three vertices are of the form g(T \{r}), g(T \ {s}), and g(T \ {t}), where r, s, and t are extreme points of T . Since conv(T ) ∩ S = T , (T \ {r, s, t}, {r, s, t}) is a convex (k − 1)-pair and its (k − 1)-set polygon is the triangle g(T \ {r})g(T \ {s})g(T \ {t}), which contains the point x.
If (T \ {r, s, t}, {r, s, t}) is compatible with F , its (k − 1)-set polygon is a triangle of T k−1 that belongs to the domain of T , and x also belongs to this domain.
Otherwise, x belongs to a triangle of T k−1 , which is the (k − 1)-set polygon of a convex (k − 1)-pair (P, Q) of S compatible with F . From Proposition 5, (P, Q) is then incompatible with (T \ {r, s, t}, {r, s, t}). Therefore, from Lemma 3, some subsets of (P, Q) are incompatible with some subsets of (T \ {r, s, t}, {r, s, t}), and are also incompatible with (T \ {r, s, t}, {r, s, t}), from the same lemma. Let T ′ be any one of the subsets of (P, Q) incompatible with (T \ {r, s, t}, {r, s, t}). From Proposition 3 (i), T ′ is in F . Since T \ {r}, T \ {s}, T \ {t}, and T are also in F , these four convex subsets are compatible with T ′ , and one has the five following relations:
Setting W = {r, s, t} ∩ T ′ , relation (1) can also be written
It then follows from the relations (2), (3), (4), and (5) that |W | ≥ 2, and therefore one of the four following assertions holds:
, and of conv((T ′ \ T ) ∪ {s, t}). It then follows from (1) and from (6), (7), (8), (9) that, within a permutation of r, s, t,
The convex hull conv((T ′ \ T ) ∪ {r, s}) has at least three vertices and does not contain any point of T \ T ′ since conv(T ′ )∩S = T ′ . In the same way, no point of T ′ \T belongs to conv(T \ T ′ ) since conv(T ) ∩ S = T . Since no three points in S are collinear, it follows that T \ T ′ contains two points p and p ′ such that the line segment [p, p ′ ] cuts properly two edges of conv((T ′ \ T ) ∪ {r, s}). These edges belong to the set formed by the edges of conv((T ′ \ T ) ∪ {r}), the edges of conv((T ′ \ T ) ∪ {s}), and the segment rs. Now, conv(T \ T ′ ) cannot cut two edges of this set since, with {r, s} ⊆ T ′ , (2) and (3) become conv((
and it follows from (1) that |T \ T ′ | ≥ 2. Finally, for every subset T ′ of (P, Q) incompatible with (T \ {r, s, t}, {r, s, t}), we have T ′ T and |T ′ | < k − 1. (ii.3) For every subset T ′ of (P, Q) incompatible with the convex pair (T \{r, s, t}, {r, s, t}), the set T ′ ∪(Q\T ) is also a subset of (P, Q), and is convex from Lemma 2. Furthermore, relation (1) implies
and thus T ′ ∪(Q\T ) is also incompatible with the convex pair (T \{r, s, t}, {r, s, t}). From (ii.2), we then have T ′ ∪(Q\T ) T , i.e., Q ⊆ T . Since T ′ is a subset of (P, Q), one also has P ⊆ T ′ T . Hence P ∪ Q ⊆ T . Furthermore, from (ii.2), |T ′ | < k − 1, which implies |P | < k − 1 and, from the definition of a convex (k − 1)-pair, |P ∪ Q| > k − 1. Since |T | = k, it follows that P ∪ Q = T and thus that Q k−1 (P, Q) belongs to the domain of T .
Hence, every point x in the convex hull of the vertices of the domain of T belongs to the domain of T . This proves that this domain is convex.
This proposition, which shows that the domains of an order-k centroid triangulation are triangulations of convex convex polygons, can be compared to a result of Lee [9] , according to which the order-k Voronoi diagram is composed of subgraphs that are binary trees. Up to the duality, we thus obtain the same enumeration formula as Lee, implying that the number of vertices of T k equals the number of regions of the order-k Voronoi diagram. Denoting, for all i ∈ {0, . . . , n}, by ai(S) the number of i-sets of S, we then get the following results.
Proposition 9. Let k ∈ {1, . . . , n − 1}. (i) The number of vertices of T k is
ai(S).
(ii) We have |F k | + |F n−k+1 | = 2kn − 2k 2 + 2k − n + 1.
In particular, when n is odd and m = (n + 1)/2, |Fm| = m 2 − m + 1.
(iii) F k is a maximal family of compatible convex k-subsets of S.
Proof. (i) For all k ∈ {1, . . . , n − 1}, let v k , e k , t 1,k , and t 2,k be the respective numbers of vertices, edges, type-1 triangles, and type-2 triangles of T k . The standard enumeration formulas for triangulations give e k = 3v k −a k (S)−3 and t 1,k +t 2,k = 2v k −a k (S)−2, (10) since, from Proposition 6, the number of vertices of Q k (S) is the number a k (S) of k-sets of S. For every k-subset T of S, k ∈ {2, . . . , n − 1}, that admits a domain in T k−1 , we denote respectively by e T,k−1 and by t T,k−1 the numbers of edges and of triangles of the domain of T . From Proposition 8, these edges and triangles form a triangulation of a convex polygon and therefore satisfy e T,k−1 = 2t T,k−1 + 1. From Remark 3, every edge and every type-2 triangle of T k−1 belongs to one and only one domain. From Lemma 5, the number of domains of T k−1 is equal to the number of vertices of T k . Summing the preceding relation over all domains of T k−1 , one then gets e k−1 = 2t 2,k−1 + v k . Lemma 4 (ii) then implies, for all k ∈ {3, . . . , n − 1}, e k−1 + e k−2 = 2(t 1,k−2 + t 2,k−2 ) + v k + v k−1 . Using (10), one obtains v k − 2v k−1 + v k−2 = a k−2 (S) − a k−1 (S) − 2.
The result of (i) follows from the resolution of this induction equation.
(ii) The result of (ii) is an immediate consequence of (i) and of the facts that ai(S) = an−i(S) and n−1 i=1 ai(S) = n(n − 1).
(iii) Let F Recall the results stated in the introduction.
Theorem 1 Let S be a set of n points in the plane in general position. Every inclusion-maximal family F of subsets of S separable by convex pseudo-circles has c(3, n) = Theorem 2 Let S be a set of n points in the plane in general position and k ∈ {1, . . . , n − 1}. Every inclusion-maximal family of k-subsets of S separable by convex pseudo-circles admits 2kn − n − k
Theorem 2 is an immediate consequence of Proposition 9 (i) and (iii). It shows especially that the number of elements in a maximal family of k-subsets of S separable by convex pseudo-circles is an invariant of S and k. Since this number is also equal to the number of k-subsets of S separable by circles when no four points are cocircular [9] , a maximal family of k-subsets of S separable by circles is also maximal for convex pseudo-circles when S is in general position.
In the same way, Proposition 9 (ii) and (iii) shows that the sum of the numbers of elements in two maximal families of ksubsets and of (n−k +1)-subsets of S, each one separable by convex pseudo-circles, is an invariant of n and k; it depends neither on the choice of the two maximal families, nor on the distribution of the points of S (as long as no three of them are collinear). As a consequence, if n is odd, the number of ((n + 1)/2)-subsets separable by convex pseudo-circles is an invariant of n.
Theorem 1 is now obtained by summing |F k | over all k.
